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The nonlinear pitch dynamics of the missile was rendered into an
LTV system via the classical linearization along a nominal trajec-
tory, and then operated on by a linear coordinate transformation to
make it tractable by the EMA control technique. The problem of
nonminimumphase zero dynamics of the normal acceleration(NA)
tracking is effectively circumvented by mapping it algebraically to
the angle-of-attack (AOA) tracking, which is of minimum phase.
This technique can be viewed as a variant of the output rede� nition
approach introduced in Ref. 8.

A radical departure from the conventional design philosophy is
that nonlinearity and time variance are not treated as nuisances,
but purposely utilized to accomplish design objectives beyond the
capability of LTI controllers. Salient features of the EMA track-
ing controller include 1) good tracking performance for arbitrary
trajectories without scheduling of any constant design parame-
ters throughout the entire Mach operating range, 2) time-varying
EMA command,or pole locations to improve trackingperformance,
3) implementationof the inversepitchdynamicsusinga static neural
network (NN), and 4) a time-varying bandwidth command shaping
� lter that effectively reduces the actuator rate while maintaining
good tracking response for both smooth and abrupt trajectories. It
is also noted that the EMA design technique presented here differs
from the prototype presented in Ref. 4 in that the feedback con-
trol gains are synthesized directly from the desired closed-loop SD
eigenvaluesand the plant coef� cients, bypassing the analysis of the
open-loop SD eigenvalues.

In Sec. II, the design principleand procedurefor EMA control by
direct synthesisare presentedfor a generic second-orderLTV plant.
The results are readily extended to the general case of the nth-order
LTV systems using the parallel D (PD) and SD spectral theory2;3

and systematic controller design procedure9 for LTV systems. Sec-
tion III details the design and implementation of the EMA-based
autopilot, including 1) the pitch dynamic model of the missile air-
frame, 2) EMA controller design for AOA tracking subsystem, 3)
NA trackingvia the AOA trackingsubsystemby using an AOA state
observerto estimatetheAOA trackingerrorfromthatof theNA mea-
surement,4) the radial basis function (RBF) NN-based inverse plant
implementation, 5) the time-varying EMA command logic, and
6) the time-varying bandwidth command shaping � lter. In Sec. IV,
simulation case studies are presented for 1) AOA tracking of step
trajectories with constant EMA commands and with nominal and
§50% variations in the aerodynamic coef� cients, 2) AOA track-
ing of sinusoidal trajectories with both constant and variable EMA
commands and with nominal and §50% variations in the aerody-
namic coef� cients, and 3) NA tracking of both step and sinusoidal
trajectoriesusing an AOA state observer. Section V concludeswith
a summary of the results and suggestions for further studies.

II. EMA Control by Direct Synthesis
The EMA synthesis control technique is exempli� ed here with a

generic second-orderLTV system

Ry C a2.t/ Py C a1.t/y D u (1)

This LTV system can be written in an operator form Dafyg D u,
where

Da D D2 C a2.t/D C a1.t/

D [D ¡ ¸2.t/][D ¡ ¸1.t/]

D D2 ¡ [¸1.t/ C ¸2.t/] D C ¸1.t/¸2.t/ ¡ P̧
1.t/ (2)

is known as a polynomial differential operator and the factoriza-
tion is known as Cauchy–Floquet factorization.The scalar functions
¸1.t/ and ¸2.t/ are called SD eigenvalues for the LTV system (1),
and ½.t/ D ¸1.t/ is called a PD eigenvalue.2 It follows from Eq. (2)
that the SD eigenvalues satisfy a set of (nonlinear, differential) SD-
characteristic equations

P̧
1.t/ C ¸2

1.t/ C a2.t/¸1.t/ C a1.t/ D 0

¸2.t/ D ¡a2.t/ ¡ ¸1.t/
(3)

Note that, in general, the factors [D¡¸1.t/] and [D¡¸2.t/] are non-
commutative and nonunique and ¸1.t/ and ¸2.t/ may be complex-
valued functions. In the latter case, they form an af� ne complex-
conjugate pair2

¸1.t/ D ¾1.t/ C j!.t/ ¸2.t/ D ¾2.t/ ¡ j!.t/ (4)

where !.t/ satis� es

P! D [¾2.t/ ¡ ¾1.t/]! (5)

Now de� ne the extended-mean(EM) valueof an integrablefunction
¾ .t/ by

emf¾ .t/g D lim sup
T ! 1;t0 ¸ 0

1
T

Z t0 C T

t0

¾ .¿/ d¿ (6)

Then the LTV system (1) with bounded piecewise smooth coef� -
cientsa1.t/ is exponentiallystable for all t0 ¸ 0 if Da has a bounded
SD spectrum f¸1.t/; ¸2.t/g with EM values in the left half plane
(LHP) of C; i.e., for some M > 0,

j¸i .t/j < M; emfRe[¸i .t/]g < 0; i D 1; 2 (7)

This statement follows from a necessary and suf� cient criterion
for exponential stability of a LTV system based on the EM of PD
eigenvalues given in Ref. 10. For a second-order PDO, SD eigen-
values ¸i .t/ are related to PD eigenvalues ½i .t/ by ¸1.t/ D ½1.t/,
¸2.t/ D ½2.t/ C P!.t/=!.t/, where !.t/ D Imf½1.t/g when ½i .t/ are
complex conjugate,or !.t/ D [½1.t/ ¡½2.t/]=2 when ½i .t/ are real
valued. In particular, emfRe [¸i .t/]g D emfRe[½i .t/]g if ¸i .t/ are
bounded, because then emf P!.t/=!.t/g D 0. A necessary condition
for bounded ¸i .t/ is that the coef� cients ai .t/ are bounded.Thus, if
the LTV system (1) is unstable, a feedback control law

u.t/ D k1.t/y.t/ C k2.t/ Py.t/ (8)

can be synthesized so that SD eigenvalues °1.t/ and °2.t/ of the
closed-loop system Dhfyg D 0, where

Dh D D2 C h2.t/D C h1.t/

D [D ¡ °2.t/][D ¡ °1.t/] (9)

has the desired EM values in the LHP of C.
Now implementing the control law (8) on the LTV plant (1) and

comparingcoef� cientswith the desiredclosed-loopsystem(9) yield

hi D ai .t/ ¡ ki .t/ (10)

Because h i .t/ are related to °i .t/ by

h1.t/ D °1.t/°2.t/ ¡ P°1.t/ h2.t/ D ¡[°1.t/ C °2.t/] (11)

the feedback control gains ki .t/ can then be synthesized as

k1.t/ D a1.t/ C P°1.t/ ¡ °1.t/°2.t/

k2.t/ D a2.t/ C °1.t/ C °2.t/
(12)

Although the EM is de� ned as a limiting value as t ! 1, in
practice it suf� ces for exponential stability that the running average

Ci .t/ D 1
t ¡ t0

Z t

t0

Re[¸i .¿ /] d¿ · ¡L < 0 (13)

for some positive number L . This allows the “pole” locations to be
reassigned to achieve optimum performance under different oper-
ating stages or conditions. The desired pro� les Ci .t/ are hereafter
referred to as the extended mean assignment command (EMAC).
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III. EMA Autopilot Design
There are essentially two approaches to nonlinear tracking con-

trol via (local) linearization: 1) linearizing the plant about a � xed
operating point and then designing a linear tracking controller and
2) linearizing the plant about a nominal (operating) trajectory and
then designing a linear regulator to steer the linear state variables,
which are trackingerrorsof thenonlinearsystem, to 0 exponentially.
An advantage of the � rst approach is that the linearized model is
independent of the tracking command trajectory, thereby allowing
an LTI model if the nonlinear plant is autonomous (time invariant)
in the � rst place. As a consequence, the vast well-developed LTI
tracking control techniques can be employed to achieve the design
goals. The main drawback of this approach is that to retain validity
of the linearization, both the command and the output trajectories
cannot deviate from the constant operating point too far, nor can it
vary too fast. This requirement can be overly restrictive for many
applications, such as the missile autopilot under consideration. A
common practice to circumvent this restriction is by linearizing the
plantat discreteoperatingpointsand switchingin real time the linear
tracking controllers for each operating point, i.e., gain scheduling,
according to the command trajectory. In a case where the linearized
model is time varying, either elaborateLTV design techniquesmust
be employed for each linear tracking controller, or, as a common
practice, ad hoc gain schedulingof LTI trackingcontrollersmust be
used to achieve stability and tracking.

In contrast, the second approach only requires that the output
trajectory stay close to the command trajectory, which is the goal
of tracking control to begin with. An added advantage is that only a
linear regulator, instead of one or more linear tracking controllers,
needsto bedesigned.Therefore,thisapproachallows trackingof fast
time-varying command trajectories with large variations without
real-time gain scheduling. With the EMA controller as the linear
regulator for tracking error stabilization, it is natural to adopt this
latter approach for the autopilot design task at hand. The missile
pitch dynamics and the design of the EMA controller-based AOA
and NA tracking controllers are discussed in Secs. III.A–III.C.

As an implementationissue, the secondapproachrequiresa nom-
inal control to put the system output on the nominal trajectory. (The
� rst approach also needs a nominal control, which consists of two
parts: a nonlinear nominal control, which is a constant for an au-
tonomousnonlinearplant but otherwise a time function,and a linear
nominal control,which dependson the command trajectoryand can
be generated, in principle, from the inverse of the linearizedmodel.
This latter component is often disguised by linear tracking con-
trol techniques such as integral control or linear quadratic optimal
tracking control.) The nominal control can, in principle, be gener-
ated from the inverse of the nonlinear plant. Because most physical
systems, whether linear or nonlinear, are low-pass � lters in nature,
their exact inverses are either noncausal or, in the case of nonmini-
mum phasezerodynamics,unstable.However, stableandphysically
realizable pseudoinversesmay be constructed that approximate the
inverse plant model to a satisfactory degree of accuracy within the
operating bandwidth. Such a pseudoinverseis implemented for our
autopilotusing a static RBF NN, which is trained with constant tra-
jectories within the speci� ed operating range. It is noted that once
an inversemodel is implemented, the closed-loopsystem needsonly
the presentand past valuesof the command trajectory;therefore,the
command trajectoriesneed not be known a priori. It is also remarked
that the approximation error of the pseudoinverse plant model can
be viewed as an exogenous disturbance signal, which, as long as
it remains reasonably small, can be accommodated by the tracking
error regulator. (The error is consideredreasonablysmall so long as
the disturbedoutput trajectoryremains suf� ciently close to the com-
mand trajectory so that the linearization remains valid. Exact error
tolerancedepends on the nonlinearityof the plant and the operating
range of the system variables. Such a tolerance is often dif� cult to
establish analytically,but can always be determined experimentally
with a given con� dence level. This should not be viewed as a re-
striction of the design approach, as locality is an inherent nature
of nonlinear dynamics. In fact, this error tolerance can be surpris-
ingly large for smooth nonlinearities.) Detailed information on the
RBF-NN design and implementation is given in Sec. III.D.

A salient advantage of using LTV controllers/� lters is that they
can accomplish tasks and performances beyond the reach of LTI
counterparts. To exemplify this advantage, Sec. III.E presents a
time-varying EMA command that automatically reduces the con-
troller gains when the target trajectory is too far away or has been
acquired, thereby saving control energy while maintaining stabil-
ity and good tracking performance. Another example is given in
Sec. III.F, where a time-varying bandwidth command shaping � l-
ter is employed to eliminate the need for actuator position and rate
limiters while maintaininggood trackingof both abrupt and smooth
command trajectories.

A. Dynamic Model of the Missile Airframe
Consider a hypothetical tail-controlled missile whose pitch-axis

dynamics are described by

P®.t/ D K® M.t/Cn[®.t/; ±.t/; M.t/] cos[®.t/] C q.t/

Pq.t/ D Kq M2.t/Cm[®.t/; ±.t/; M.t/] (14)

´z.t/ D Kz M2.t/Cn [®.t/; ±.t/; M.t/]

where

Cn[®; ±; M ] D an®3 C bn®j®j C cn.2 ¡ M=3/® C dn±

Cm [®; ±; M] D am ®3 C bm ®j®j C cm .¡7 C 8M=3/® C dm ±

(15)

The tail-� n actuator dynamics are described by

d

dt

µ
±.t/
P±.t/

¶
D

µ
0 1

¡!2
a ¡2³!a

¶µ
±.t/
P±.t/

¶
C

µ
0

!2
a

¶
±c.t/ (16)

The values of the various constant parameters in the dynamic
equations (14–16) can be found in Refs. 5–7, where this missile
model has been used as a benchmark for nonlinear gain-scheduling
design techniques.

B. AOA Tracking Subsystem
At this initial stage, we simplify the problem by neglecting the

actuator dynamics, assuming its bandwidth is suf� ciently wide. Let

».t/ D
µ

»1.t/

»2.t/

¶
D

µ
®.t/

q.t/

¶
(17)

be the state vector of the reduced-order nonlinear model. Then the
state equation is given by

P» D f .»; ±/ D
µ

f1.»1; »2; ±/

f2.»1; »2; ±/

¶
´z D g.»; ±/ D g.»1; »2; ±/

(18)

where

f1.»1; »2; ±/ D K® MCn.»1; ±; M/ cos.»1/ C »2

f2.»1; »2; ±/ D Kq M 2Cm.»1; ±; M/

g.»1; »2; ±/ D K z M2Cn.»1; ±; M/

Now for a given commanded normal acceleration pro� le ´c.t/,
let N±.t/ be the nominal tail-� n de� ection and N».t/ be the nominal
state trajectory such that

PN».t/ D f[ N».t/; N±.t/] ´c.t/ D g[ N».t/; N±.t/] (19)

De� ne the tracking errors by

x.t/ D ».t/ ¡ N».t/ y.t/ D ´z.t/ ¡ ´c.t/ (20)

and the tracking error control input by

v.t/ D ±.t/ ¡ N±.t/ (21)
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Then the linearized tracking error dynamics are given by

Px D A.t/x C B.t/v y D C.t/x C D.t/v (22)

where

A.t/ D @f
@»

­­­­
N»; N±

D
µ

a11.t/ 1

a21.t/ 0

¶
(23)

with

a11.t/ D K® M.t/
¡¡©

3an
N» 2
1 .t/ C 2bn

­­N»1.t/
­­C cn [2 ¡ M.t/=3]

ª

£ cos[N»1.t/] ¡
©
an

N» 3
1 .t/ C bn jN»1.t/jN»1.t/

C cn[2 ¡ M.t/=3]N»1.t/ C dn
N±
ª

sin[N»1.t/]
¢¢

a21.t/ D Kq M2.t/
©
3am

N» 2
1 .t/ C 2bm jN»1.t/j C cm [¡7 C 8M.t/=3]

ª

B.t/ D @f
@±

­­­­
N»; N±

D
µ

b1.t/

b2.t/

¶
D

µ
K® M.t/dn cos[N»1.t/]

Kqdm M2.t/

¶
(24)

C.t/ D @g

@»

­­­­
N»; N±

D [c1.t/ 0] (25)

with

c1.t/ D Kz M2.t/
©
3an

N» 2
1 .t/ C 2bn jN»1.t/j C cn[2 ¡ M.t/=3]

ª

D.t/ D @g

@±

­­­­
N»; N±

D
£
dn K z M2.t/

¤
(26)

A nonlinear tracking controller based on this linearization tech-
nique consists of an inverse of the input/output (I/O) map ± 7! ´z ,
which implements the nominal control N± given a desired trajectory
´c, and a tracking error stabilization controller, which drives the
tracking errors x.t/ and y.t/ to zero exponentiallyas t ! 1.

For the I/O map to be invertable, its zero dynamics must be of
minimum phase. This is the case for AOA I/O map ± 7! ®. Oth-
erwise, as for the NA I/O map ± 7! ´z , exact tracking will not be
feasible, but good trackingperformancewith tolerableerrors is still
attainable if a stable approximationto the inverse I/O map is used in
conjunction with an exponentially stable tracking error controller.

Assuming a stable approximation to the inverse I/O map is avail-
able, the autopilotdesign task amounts to � nding a control law such
that y.t/ ! 0 exponentiallyfor any admissiblenormal acceleration
pro� le ´c.t/. This can be achieved using an EMA controller.How-
ever, to use the prototype EMA controller, it is necessary to trans-
form the linearized tracking error dynamics into the phase-variable
canonical form. This can be done via Silverman’s coordinate trans-
formation, provided that [A; B] is uniformly completely control-
lable. Whereas this approach will result in a minimal realization,
the resulting system coef� cients are very complicated. To simplify
the matter, here we opt to a nonminimal realization that yields a
phase-variablecanonical form with very simple coef� cients. How-
ever, in so doing one must ensure that the uncontrollable internal
mode be exponentially stable.

To that end, apply the state coordinate transformation

x D L.t/z (27)

Fig. 1 AOA tracking subsystem.

where L.t/ is a (time-varying) coordinate transformation matrix
given by

L.t/ D
µ

1 0

¡a11.t/ 1

¶
(28)

Then the linearized system (22) in the z coordinates becomes

Pz D Ac.t/z C Bc.t/v y D Cc.t/z C Dc.t/v (29)

where Ac.t/ D L¡1.t/[A.t/L.t/ ¡ PL.t/] is of the companion form

Ac.t/ D
µ

0 1
¡a1.t/ ¡a2.t/

¶
D

µ
0 1

Pa11.t/ C a21.t/ a11.t/

¶

Bc.t/ D L¡1.t/B.t/ D
µ

b1.t/

a11b1.t/ C b2.t/

¶

Cc.t/ D C.t/L.t/ D C.t/ Dc.t/ D D.t/

Note that z1.t/ D x1.t/ D ®.t/ ¡ N®.t/. By eliminating z2 from
Eq. (29), it is seen that this state equation is equivalent to a scalar
equation

Rz1 C a2.t/Pz1 C a1.t/z1 D b1.t/ Pv C [b2 C Pb1.t/]v (30)

To render this equation into the phase-variable form, we introduce
the AOA zero dynamics

Pv C f[b2.t/ C Pb1.t/]=b1.t/gv D [1=b1.t/]u (31)

Combining Eqs. (30) and (31) yields the desired form

Rz1 C a2.t/Pz1 C a1.t/z1 D u (32)

Note that v.t/ is now a hidden state in the augmented system u 7!
z1. The zero of AOA dynamics in the augmented system has been
canceled by its inverse. To make the cancellation valid, we need
verify that the zero dynamics is exponentiallystable. This is indeed
the case because it is readily veri� ed that the SD eigenvalue

¸z.t/ D ¡
b2.t/ C Pb1.t/

b1.t/
(33)

for Eq. (31) has a negative EM for all j®.t/j < ¼=2 and 2 M.t/ > 0.
Now an EMA control law u.t/ can be designed for the AOA

tracking error dynamics (32) using the standard procedureoutlined
in Sec. II. The overall closed-loopsystem implementation is shown
in Fig. 1.

C. AOA Observer for NA Tracking System
The missile guidance system typically generates a NA command

pro� le. To take advantage of the minimum phase zero dynamics
in AOA, and the LTV model (32) for AOA dynamics that is read-
ily controlledby the EMA technique, the (nonminimum phase) NA
trackingis achievedvia an AOA trackingsubsystemshown in Fig. 1.
BecauseNA is related to AOA and the tail-� n de� ectionvia a nonlin-
ear algebraicmapping it is naturalto designa nonlineartime-varying
state observer that estimates the AOA error from the measurement
of the NA error, as shown in Fig. 2. This is accomplishedby invert-
ing the linearized output error equation (25). A low-pass � ltered
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Fig. 2 NA tracking subsystem.

differentiator with a transfer function 200s=.s C 200/ is used to
estimate the AOA error rate. It is noted that the observer perfor-
mance could be improved by using a static NN to approximate the
nonlinear relation between the NA and AOA errors. Other ways of
implementing the observer were discussed in Ref. 1.

It is noted that this NA tracking strategy circumvents the non-
minimum phase problem of NA tracking implicitly and yields good
results when the mapping between the NA and AOA errors is accu-
rate. This method is applicable to other nonminimum phase track-
ing problems and may be termed algebraic output rede� nition, as
opposed to the (dynamic) output rede� nition method proposed in
Ref. 8.

D. NN-Based Dynamic Inverse
Nonlinear tracking by linearization along a nominal trajectory

calls for an inverse model of the plant I/O dynamics to generate the
required nominal control input. It is well known that when the plant
hasnonminimumphasezero dynamics,suchas thecaseofNA track-
ing, the inverse model is unstable.Consequently,perfect tracking is
not possible. However, if the plant is stable, it is possible to � nd the
inverse for constant input and output trajectories.This static inverse
mapping can be used as an approximation of the (unstable) inverse
plant model. Variable command trajectories can be approximated
by piecewise constant trajectories for which exact nominal control
can be generatedby the static inverse plant model. The discrepancy
is then compensated for by the tracking error controller, provided
that the error is suf� ciently small so that the linearization remains
valid.

The nominal control N± for a constant command trajectory is im-
plementedby a staticRBF NN. One NN is used in the system shown
in Fig. 1 for AOA command N®, and another one is used in the sys-
tem shown in Fig. 2 for NA command ´c. The training data for the
network were acquired from the MATLAB function trim, which
locates the equilibrium points of the missile model, i.e., the nomi-
nal tail � n de� ection required to achieve the desired output (AOA
or NA). These data were then used to train an RBF NN via the
MATLAB function solverb. The training of a RBF NN with some
200 neurons required an order of 1010 � oating point operations per
second (� ops) using the Unix version Neural Networks Toolbox
Version 2.0 for MATLAB. The error surface between the desired
inverse mapping of N® 7! N± and a 200 neuron RBF NN implemen-
tation is plotted in Fig. 3, where it can be seen that, except at a few
peripheral points outside the operating range, the errors are below
0.5 deg. This errormagnitude is readilyaccommodatedby the EMA
tracking controller.

It is noted that, in practice, training data can be obtained directly
fromwind-tunnelor � ight tests therebybypassingthe inversionof an
analyticaldynamicmodel that is obtainedfrom the same sets of data.
Another advantage of the RBF NN implementation of the inverse
plant model is that, owing to the localization of its receptive � elds
and the small number of weights, in-� ight learning of a particular
missile’s aerodynamicscanbe facilitatedusingprior genericoff-line
training as the initial states. This will greatly increase the accuracy
and robustness of the overall tracking system in the presence of
parameter uncertainties.

E. Time-Varying EMAC
As the closed-loop stability is guaranteed by the extended-mean

stability criterion, the EMAC Ci .t/ in the EMA controller need not
be constant, as long as they stay in the LHP of C. This feature may

Fig. 3 NN error surface.

be advantageous, for instance, in cases where control energy is a
primeconcernand performancemay be sacri� ced duringnoncritical
maneuverings. To exemplify this concept, a variable EMAC logic
is de� ned as follows:

Ci .t/ D Ci0 C g[².t/=²0] exp[¡².t/=²0] (34)

where ².t/ is the tracking error, ²0 is a predeterminedtracking error
threshold,Ci0 is theminimumEMAC, and g is adesignconstantthat,
when added to Ci0, determines the maximum EMAC. This EMAC
logic generates the maximum EMAC when the tracking error ².t/
is equal to ²0 and reduces to the minimum EMAC when ².t/ is
either zero or in� nity. Therefore, it reduces control energy when the
tracking has been acquired, or when the desired trajectory is still
far away to avoid unnecessary maneuvering. It also helps to reduce
overshoot as the control gains reduce as tracking is being acquired.
This EMAC logic was implemented and tested in the simulation
studies presented in Sec. IV.

F. Time-Varying Bandwidth Command Shaping Filter
In practice,fast trackingperformanceis alwaysconstrainedby the

physical limit of the actuatorrate. A commonpracticein copingwith
this dilemma is to use an actuator rate limiter. A major drawback
of this method is that the system becomes unpredictable when the
actuator rate is saturated. It may result in limit cycles, or even in
instability.

An alternative approach is to use a tracking command � lter. The
� lter should greatly reduce the acceleration and rate of an abrupt
command trajectory, whereas it should have little effect on smooth
trajectoriesthat can be trackedwithin the actuator limits. These two
requirements cannot be achieved with a � xed-parameter � lter. For
instance, the AOA trackingsubsystemcan track a 0.5 Hz, 17.18-deg
amplitude sine wave within the 500 deg/s actuator rate limits with-
out any command shaping. However, without command shaping,
the same system tracks a step command of 17.18-deg magnitude
with a settling time of less than 0.2 s, but requires a maximum actu-
ator rate of 76,200 deg/s. When a third-orderLTI Bessel � lter with a
bandwidth!n D 10 is applied to the step trackingcommand, the ac-
tuator rate is reduced to within the limits with a satisfactorytracking
performance, but the sinusoidal tracking then has an unnecessary
tracking delay of 0.25 s, or a 45-deg phase lag.

Taking advantage of the EM stability criterion, a novel second-
order LTV � lter with a variable bandwidth was designed to deal
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with the con� icting requirementsfor a command shaping � lter. The
governing equation for the � lter is given by

Rcout C [2³!n.t/ ¡ P!n.t/=!n.t/] Pcout C !2
n.t/cout D cin (35)

where ³ is a constant damping coef� cient and !n.t/ > 0 determine
the effective bandwidth. When !n.t/ ´ const, this � lter reduces to
the well-known second-orderLTI low-pass � lter. Details on the de-
sign are given in a separatepaper10 (see also Ref. 1), where convinc-
ing simulation results are also given to show how the time-varying
bandwidth (TVB) � lter functions automatically as a second-order
low-passLTI � lterwith bandwidth BW D 100 when thecommand is
a smooth sinusoidalwaveform, whereas as a third-orderLTI Bessel
� lter with BW D 10 when the command is an abrupt step function.
The TVB � lter is implemented in both the AOA and NA tracking
systems shown in Figs. 1 and 2.

IV. Simulation Case Studies
Simulation studies were performed to validate the design using

a priori unknown command trajectories. The plant model used in
the simulationsincludes the actuatordynamics (16). The TVB com-
mand shaping � lter was used for all of the cases, so that no actuator
amplitude or rate limiter was needed for command tracking.

Case 1: AOA Step Trajectory Tracking
The AOA EMA controlprovides remarkableresults for step com-

mand tracking. Figure 4 displays a 3-s piecewise constant AOA
tracking command, the TVB � ltered command, and the AOA out-
put. It also containsthe responsewithout using the TVB � lter,where
the EMA controlleraccuratelytracks step commands with a settling
time less than 0.2 s, but the actuator rate reached76,200 deg/s. With
the TVB � lter the actuator rate was well within the speci� ed limit
of 500 deg/s (cf. Refs. 1 and 11). The output tail de� ection is also
limited, but this limit was never even approachedduring simulation.
Figure 5 shows simulationresults for the fourpossiblecombinations
of §50% variations in the two aerodynamic coef� cients Cn.t/ and
Cm .t/, indicating excellent robustness of the closed-loop system.

Case 2: AOA Variable Trajectory Tracking
Although the NN was trained to generate a nominal control input

only for static or step commands, the proposed controller con� gu-
ration can track arbitrary trajectoriesbecause of the EMA section’s
ability to accommodateerrors in the nominalcontrolinput.Also, the
EMAC need not be a constant. To demonstrate these points, in this
case study an unreasonably demanding sinusoidal AOA command
trajectory is to be tracked by the autopilot without any tuning or
schedulingof the controllerparameters as used in case 1. Figures6–

10comparethe resultsforTVB � lteredsinusoidaltrackingwith both
constant and variableEMAC. Shown together in Fig. 6 are the AOA
tracking command, the TVB � ltered command, and the AOA out-
put with constant EMAC at 20 and with variable EMAC between

Fig. 4 AOA step trajectory tracking performance: ——, AOA com-
mand; ¢ ¢ ¢ ¢ ¢ , TVB � ltered command; – – –, AOA output; and – ¢ – , AOA
without command � lter.

Fig. 5 Robustness test; § 50% variation on Cm and Cn: ——, AOA
command;¢ ¢ ¢ ¢ ¢ , +50% Cm , +50% Cn; – – – , +50% Cm, ¡ 50% Cn; – ¢ –,
¡ 50% Cm, +50% Cn; and ¢ ¢ ¢ ¢ ¢ , ¡ 50% Cm , ¡ 50% Cn .

Fig. 6 AOA sinusoidal trajectory tracking performance: ——, AOA
command; ¢ ¢ ¢ ¢ ¢ , TVB � ltered command; – – – , constant EMAC; and
– ¢ – , variable EMAC.

Fig. 7 Constant vs variation EMAC: ——, variable EMA command
and ¢ ¢ ¢ ¢ ¢ , constant EMA command.

10 and 20 as de� ned in Eq. (34). It clearly shows the remarkable
tracking performance.The � ltered command has very little magni-
tude dampening and phase change, demonstrating how little effect
the TVB � lter has on a smooth trajectory comparing to its effect on
the step command in the preceding case.

Shown in Fig. 7 are the constant and variable EMAC. It can be
seen that the variableEMAC indeed increases toward the maximum
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Fig. 8 Feedback gain k1(t):——, variable EMA command and ¢ ¢ ¢ ¢ ¢ ,
constant EMA command.

Fig. 9 Feedback gain k2(t): ——, variable EMA command and ¢ ¢ ¢ ¢ ¢ ,
constant EMA command.

Fig. 10 Tracking error control energy: ——, variable EMA command
and ¢ ¢ ¢ ¢ ¢ , constant EMA command.

level of 20 when there is need for strenuous control action. Figures
8 and 9 show the corresponding feedback gains k1.t/ and k2.t/,
respectively, for both constant and variable EMAC. The tracking
performance under constant and variable EMAC are almost indis-
tinguishablein Fig. 6, but in a long run the latter indeedsaves control
energy, as shown in Fig. 10, where the energy level is indicated by
the integral of ±2.t/.

As in the � rst case, the robustnessof the closed-loopsystem was
tested for the constantEMA commandsunder all four possible com-

Fig. 11 Robustness test; § 50% variation on Cm and Cn: ——, AOA
command; ¢ ¢ ¢ ¢ ¢ , +50% Cm , +50% Cn; – – – , +50% Cm, ¡ 50% Cn; – ¢ –,
¡ 50% Cm, +50% Cn; and ¢ ¢ ¢ ¢ ¢ , ¡ 50% Cm , ¡ 50% Cn .

Fig. 12 Time-varying plant coef� cients a1(t) and 100¢ a2(t): ——, a1(t)
and ¢ ¢ ¢ ¢ ¢ , 100 ¢ a2(t).

Fig. 13 Mach pro� le.

binations of §50% error in the two aerodynamiccoef� cients Cn.t/
and Cm .t/. The results are again very good, as shown in Fig. 11.

Finally, the time-varying coef� cients a1.t/ and a2.t/ in the lin-
earized AOA error dynamics (30), and the Mach pro� le M.t/ as an
important source of the time varying coef� cients in the pitch air-
frame model are shown in Figs. 12 and 13 for the constant EMAC
simulation. It is notable that Mach varies from 3.0 to 1.9, a1.t/
between ¡153 and 266, and a2.t/ between 0.52 and 1.27, during
the 10-s sinusoidalAOA maneuveringand in the presenceof §50%
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Fig. 14 NA step trajectory tracking performance: ——, NA command;
¢ ¢ ¢ ¢ ¢ , TVB � ltered NA command; and – – – , NA output.

Fig. 15 NA sinusoidal trajectory tracking: ——, NA command; ¢ ¢ ¢ ¢ ¢ ,
TVB � ltered NA command; and – – – , NA output.

parametervariation.Moreover, the rates for theparametervariations
are ¡1612 < Pa1.t/ < 1543 and ¡4:54 < Pa2.t/ < 4:15. The sys-
tem is apparentlynot a slowly time-varyingone. It is signi� cant that
no constant design parameters need to be scheduled for the entire
operating range.

Case 3: NA Tracking Using AOA State Observer
Because in this case the NA tracking is achieved via a nonlin-

ear algebraic mapping to the AOA tracking, we show in Figs. 14
and 15 only the NA tracking performance results for a step and sine
trajectory, respectively. Each � gure shows the NA command, the
TVB � ltered command, and the NA output. Although no design
effort was explicitly directed to the nonminimum phase behaviorof
the NA tracking, the performances in both cases are remarkable. It
was noted during the simulation studies that the NA tracking was
very sensitive to variations in the acceleration (curvature) of the
tracking command. Thus, the performance can be further improved
by � ne tuning the TVB command logic, which caused some curva-
ture � uctuation in the � ltered command.

V. Summary and Conclusions
We have presented the design and simulation study of a missile

AOA and NA tracking autopilot using a recently developed EMA

control technique.A radical departure from the conventionaldesign
philosophy is that nonlinearity and time variance of the dynamical
system are not treated as nuisances. They are exploited purposely
to accomplish design objectives beyond the reach of linear time-
invariant control techniques. Salient features of the EMA autopilot
include1) good trackingperformancefor arbitrarytrajectorieswith-
out scheduling of any constant design parameters throughout the
entire Mach operating range, 2) time-varying EMA control gains
to improve tracking performance, 3) implementation of the inverse
pitch dynamics using a static NN, and 4) a TVB command shap-
ing � lter that effectively reduces the actuator rate while maintaining
good trackingresponseforbothsmoothand abrupttrajectories.Sim-
ulation results have shown that the EMA control technique, though
still in its embryonic stage, has become a viable design tool for
realistic control problems.
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